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Design of Wide~Band (and Narrow~Band) Band.Pass

Microwave Filters on the Insertion Loss Basis*

GEORGE L. MATTHAEI~, MEMBER, IRE

Summary—A method for design of band-pass microwave filters is

described that combines the image and insertion-loss points of view

to give an approximate design method having simplicity, but also

high precision. This method is applicable for filter designs ranging

from narrow to very wide bandwidths (2 to 1 or more). The desired

insertion loss characteristic is obtained by use of a lumped-element,

Tchebycheff, or maximally flat (or other) low-pass prototype. With

the aid of the concept of impedance inverters, the prototype is con-

verted into a cascade of symmetrical (but differing) sections. The

image properties of symmetrical sections of the band-pass microwave

filter structure are then related to those of corresponding sections

of the prototype. Straightforward design equations are given for fil-

ters using short-circuited or open-circuited stubs, and also for filters

using parallel-coupled lines. Mapping functions are derived that

permit accurate prediction of the microwave filter cutoff character-

istic from that of the prototype. T~e responses of a number of filter

designs were computed, and a Tche~ycheff filter with a 2.2 to 1 band-

width was built and tested. The re~ponses of all of the filter designs

were in close agreement with the prescribed characteristics, and the

accuracy of the mapping functions ~as verified.

1. INTRODUCTION

T

HE TYPES of band-p&s filters to be treated in this

paper are shown in Figs, 1–3, Filters using some

of these structures hake often been designed in

the past using- image desigri methods. Although these

methods are conceptually si~ple, the over-all filter re-

sponse to be expected is known only approximately, as

a result of reflections at th~ terminating end sections,

Thus, using such methods, it takes either a great deal

of trial and error or a gre&t deal of ‘(know how” in

order to obtain precision designs with specified pass

band attenuation tolerances: Design methods, such as

those discussed herein, on the insertion loss basis, have

the advantage that the natui-e of the filter response can

be specified at the outset of the design process, and the

final filter design will closely adhere to the specifications.

The filter in Fig. 1 (a) is of the parallel-coupled type

for which Cohnl has presented approximate insertion-

loss-basis design equations accurate for filters of narrow

or moderate bandwidth; thd filter form shown in Fig.

1 (d) was previously treated by Jones~ on an exact

* Received by the PGMTT, Miy 8, 1960. This research was sup-
ported by the Signal Corps under Contract DA 36-039 SC-74862.

~ Stanford Res. Inst., Menlo Pai4k, Calif.
1 S. B. Cohn, et al., “Research o~n Design Criteria for Microwave

Filters, ” Stanford Res. Inst., Nlenlo Park, Calif., Final Rept., SRI
Project 1331, Contract DA 36-039 SC-64625, ch. 4; June, 1957. Also
S. B. Cohn, “Parallel-coupled transmission line-resonator filters, ”
IRE TItANs. ON MICROWAVE THEORY AND TECHFTIQUES, ~-ol, MTT-6

PP. 223–23I; April, 1958.
2 Ibid. (SRI Rept. ), ch. 3. AIs#, E. M. T. Jones,. “Synthesis of

wide-band microwave filters to have prescribed insertion loss, ” 1956
IRE CONVENTION RECORD, pt. 5, p+. 119-128,

insertion-loss basis. It can be shown that exact design

procedures using Richards’ transformation3 can be de-

rived for all of these filters for either narrow or wide

bandwidths. Examples of the use of these procedures

will be found in the literature. 2,4–7 HO~veVer, the paper

by Jones,z which treats the form of filter in Fig. 1 (d),

is the oldy one of these references which deals specif-

ically with any of the filters in Figs. 1 (a) to 3 on an

exact insertion-loss design basis. A serious practical

disadvantage of exact methods for designing these

particular filter structures is that the synthesis of specia!

transfer functions is required8 at the outset of the de-

sign process, z and, all in all, a great deal of conlputa-

tional labor is needed. Even though the design proce-

dures described herein are cornputationally very simple

and only approximate, the results, as the examples

show, are satisfactory for most practical precision-

design problems. Another advantage of the methods

described herein is that they are quite flexible. As will

be seen, the design procedure can be adapted to include

changes in impedance level or special forms of struc-

tures, as required by special practical situations. These

methods can also be used for other types of structures

than those discussed herein. g

Easy-to-use approximate insertion-loss-basis design

methods for band-pass microwave filters have existed

for some time. However, these methods have in the

past involved narrow-band approximations and as a

result have rarely been accurate for bandwidths much

3 P. I. Richards, “Resistor-transmission-line circuits, 7}PROC. IRE,,
vol. 36, pp. 2 17–220; February, 1948.

~ H. Ozaki and J. Ishii, ‘[Synthesis of transmission-line networks,
and the desicn of UHF filters. ” IRE TRANS. ON CIRCUIT THEORY,,
vol. CT-2, p;. 325–336; December, 1955.

5 H. Ozaki and J. Ishii, “Synthesis of a class of strip-line filters, ‘“
IRE TRANS. ON CIRCUIT THEOR~, vol. C’G5, pp. 10+–109; June,
1958.

e A. 1. Grayzel, ‘lA synthesis procedure for transmission line net-
works, “ IRE TRANS. ON CIRCUIT THEORY, vol. CT-5, pp. 172–181;
September, 1958.

7 N. R. Welsh and E, S. Kuh, “Synthesis of Resistor-Transmission
Line Networks, ” Electronics Res. Lab., University of California,
Berkelev. Rent. No. 74. ONR Contract N7-onr-29529; July 15, 1958.

8 In ‘geme~al, whether or not special transfer functions are required
depends on the location of the frequencies of infinite attenuation im
herent in the desired filter structure. By choosing certain filter struc-
tures, the more common transfer functions can be used (see footnotes
5 and 6). Such structures, however, may not always be the most
convenient to fabricate.

~ For example, the case of filters consisting of transmission lines
coupled by series capacitors was treated in the report. G. L. Mat-
thaei, “Research on Design Criteria for Microwave Filters, ” Stanford
Res. Inst., Menlo Park, Calif., Tech. Rept. 6, SRI Project 2326,
Contract DA 36-039 SC-74862: May, 1959.
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(d)

Fig. l—(a) Parallel-coupled, strip-transmission-line filter with open-circuited sections. Each section is one-quarter wavelength long where
the reference wavelength is that at the midband frequency, COO.Each section .S’M+I is characterized by even and odd mode impedances
(.z.,)~,k+, and (Z..)r,,~+I, respectively. 1,11,16 (b) parallel-couPled Strip. transmissioll-lille filter with short-circuited sections. This filter is

the dual of that in (a). Each section .SM+l is one-quarter wavel~ugth long where the reference wavelength is the propagation wavelength
at the midband frequency, w Each section .SM+l is characterized by even and odd mode admittances ( Y.,).t,k+l and ( Y..)~,I,+I, respec-
tively.llle (c) Band-pass filter using quarter-wavelength series stubs and quarter-wavelength connecting lines. Filters of the form in (a)
can always be converted to this form. (d) Band-pass filter using quarter-wavelength shunt stubs and qua:ter-wavelength connecting
lines. This filter is the dual of that in (c). The reference wavelength is the propagation wavelength at the mldbaud frequency, coo.

Fig. 2—Band-pass filter with half-wavelength shunt stubs and
quarter-wavelength connecting lines. The reference wavelength is
the propagation wavelength at the midband frequency, OJO.

over 20 per cent. The design approach used herein has

the advantage that it does not involve approximations

of a narrow-band sort; hence, it gives good accuracy for

narrow bandwidths on out to bandwidths of 2 to 1

or more.

In Section II, the use of the design equations and the

results of design examples will be discussed. To make

routine use of the design equations more convenient,

their derivation will be treated separately in Section II 1.

II. PRACHCAL APPLICATION OF THE DESIGN ~QUATIONS

A. Equivalence of the Netwo~ks in Figs. 1(a)-(d)

The filter in Fig. 1 (b) is simply the dual of that in

Fig. 1 (a). It can be obtained directly from the circuit

in Fig. 1 (a) by replacing the open circuits by short cir-

cuits and by replacing each even- or odd-mode im-

Fig. 3—Band-pass filter with quarter-wavelength shunt stubs,
quarter-wavelength connecting lines, and half-wavelength series
stubs at the ends. The reference wavelength is that at the mid-
band frequency, cm.

pedance, (ZJ ~,~+1 and (Z~~) k ,k+I, respectively, by c{)r-

responding odd- and even-mode admittances.

( ~m)k,k+l = vo’(zoe)~,~+,,

( ~oe)k,k+l = ro’(zo.)~,~+,, (1)

where YO = 1/20 is the characteristic admittance of the

input and output lines. By use of the equivalences

shown in Fig. 4,1°’~lit is seen that the circuit in Fig. 1 (c) is

10The correctness of these equivalences can be verified with the
aid of the imped~nce snd admittance matrices for para]lel-cou~lled
strips given by Jones and Bolljahu (see footnote II 1) or by using
Richards’ viewpoint to map the elements in Equivalent Circuits (5)
and (6) of Table II of Ozaki and Ishii’s work (see footnote 5) into
the corresponding transmission line form.

u Cohn et ~Z., o~. Git., (SRI Rept. ), ch. 4. fLISO, E. M. T. Jones
and J. T. B’olljahn, “Coupled-strip-transmissiomline Iilters and direc-
tional couplers, ” IRE TRANS. ON MICROWAVL? THEORY AND TECH-
NIQUES, vol. MTT-4, pp. 75–81; April, 1956.
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Fig. 4—Equivalence between parallel-coupled strip-line sections and
sections consisting of stubs with connecting lines.

exactly equivalent to that in Fig. 1(a), while the circuit

in Fig. 1 (d) is exactly equivalent to that in Fig. 1 (b).

Thus, any of these four circuits can be derived from

any other, by use of duality and the equivalences in

Fig. 4; and when derived from one another in this man-

ner, all will yield exactly the same transmission charac-

teristic.

For simplicity, the design equations applicable for

these four filter structures (Fig. 1) will be expressed in

the specific form for the structure in Fig. 1 (a). Any of

the other forms may then be obtained by duality and

Fig. 4. In converting from the form in Fig, 1 (a) to

the form in Fig. 1 (d), for example, it should be noted

that the characteristic admittance of the shunt stub at

each end is determined solely by the end sections of the

filter in Fig. 1 (a); however, the characteristic admit-

tance of each of the shunt stubs in the interior of the

filter in Fig. 1 (d) is determined by the corresponding

two adjacent sections in Fig. 1 (a) so that

Yk = V;–l,k+ ILl

. Y02[Z;–l,T, + Z;,k+l]

= Yoz[(zoo)k-l,k + V-oo)k,k+ll, (2)

where Y.= 1/20 is again the characteristic admittance

of the input and output lines, and the Yk,~+l’ and zh,h+~”

are defined in Fig. 4. It is helpful to note that in the

case of Fig. 1 (d), the characteristic admittances of the

connecting lines are given by

[

(2.,),,,+1 – (z.o)!$,~+l = yo2Kk,k+,, (3)

vl,,h+~ = Y02
2 1

where the K~,h+l are impedance inverter parameters to

be discussed later. (They are defined numerically in

Tables I and II, p. 592.)

The filter structures in Figs. 2 and 3 are not equiv-

alent to those in Fig. 1; however, they are closely re-

1

lated strut ures which can readily be treated using

many of th same concepts and equations.

B. Use of i!lapping Functions, and Selection of Appro-

priate Lumped-Element Prototypes

In the design procedure described herein, the band-

pass microwave filter derives characteristic properties

of its response from a lumped-element prototype filter

having analogous low-pass filter response properties.

Fig. 5 shows a typical low-pass prototype and defines

the prototype parameters go, gl . . . , g., gfi+l. The de-

sign equations in Tables I–III (p. 592) assume that the

prototype filter is either symmetric or anti metric lz—a

condition satisfied by the common maximally flat or

Tchebycheff lossless filter designs (which have one or

more frequencies at which zero reflection occurs),

Fig. 5—Definition of the low-pass prot?type parameters ~0, gI, . . :,

g., gn+l. The symmetry about the middle of the filter mdlcated m
the equations of Tables I–III results from the use of symmetric
or antimetric prototypes. The common maximally flat or Tcheby -
cheff prototypes, which have one or more frequencies where zero
reflection occurs, always satisfy this symmetry or antimetry con-. .
dltlon.

A typical low-pass prototype is shown. The dual of this circuit
would also be satisfactory.

~,,, ,,0,, = JThe inductance of a series coil, or the capacitance
\of a shunt capacitor.
JThe generator resistance 1?, if g,= Cl, but is de-

g~ = \fined as the generator conductance Go if gl ‘L1.

JThe load resistance Rn+l if g.= Cn, but is defined
gwl = ~as the load conductance G,,+l if gn ‘Ln.

N’ote: An additional prototype parameter W’ is defined in Figs. 6
and 7.

Weillberg]s and Technical Report 4 of this proj ect*4

give tables of element values for such filters. (Weinberg13

also includes tables for filters which are not symmetric

or antimetric. ) The use of symmetric or antimetric

prototypes along with equal terminations in the final

microwave filter (as depicted in Figs. 1–3) is usually

desirable, and so has been made implicit in the equa-

tions in Tables I–I I I. However, these conditions are not

12E. A. Guillemin, “Synthesis of Passive Networks, ” John Wiley
and Sons, Inc., New York, N. Y., p. ;

13L. Weinberg, “lNetwork Design
Technin,,e- and Tahls. “ Rx T .h.

c
17.-10%

.,

371; 1957.
L by Use of Modern Synthesis

Y--- .-- .-u, ----- _- ”-., Hughes Aircraft Co., Culver
;ity, Calif., Tech. lMemo. 427: Am_il. 1956. Also, in Proc. NEC, vol.

.-, ., -w.

14W. J. Getsinger, et al., “Research on Design Criteria for Micro-~
wave Filters, ” Stanford Res. Inst., Menlo Park, Calif., Tech. Rept.
4, SRI Project 2326, Contract DA 36–039 SC-74862; December, 1958.
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necessary, and equations for other cases may be derived

by the theory in Section III.

Fig. 6 shows a typical Iossless low-pass-filter nlaxi-

mally flat response along with the equation for this re-

sponse. The frequency W’ establishes the pass-band

edge, while A ~ is the db attenuation which is per-

missible within the pass band. The frequency w.’ is a

frequency at which a stated attenuation, A. db, is re-

quired. An analogous maximally flat band-pass re-

sponse, such as might be obtained by the filters in

Fig. 1, is also shown. NTote that this response has

arithmetic symmetry about Uo, so that the essential

parameters of the respone may be specified simply as

coJwo, Am, .4., and WJGJO.The response of the band-pass

filter may be predicted directly from that of the low-

pass filter by mapping the u’ frequency scale of the

low-pass filter to the u frequency scale of the band-pass

filter, as indicated in the figure. For the circuits in

Fig. 1, and the design equations in Tables I and II, the

proper function Fn(U\OJO) to use is

For narrow or moderate bandwidths, the simpler func-

tion

(4b)

will also give good accuracy.1 As will be shown, the =-

curacy of (4b) is fair even for wide bandwidths. For the

circuit in Fig. 3 and the equations in Table III, the

proper function to use is

()—Cos —–

F.?=

(@J /1s+)1[+

“ %$’[++Q)129
(5)

she,,

. = “’’’’”’4- ‘

!l. , = ,, (.,)11

.,,, ,.

., - ..,.(;)

.( = “’”(:)
Fig. 6—Equations and parameters for maximally flat response.
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Fig. 7—Equations and parameters for Tchebycheff response.
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where Wm is a frequency of infinite attenuation, to be

specified. An accurate general mapping for the circuit

in Fig. 2 has not been determined.

Fig. 7 shows corresponding curves and equations for

the case of filters having Tchebycheff responses. Since

the choice of mappings is determined by the type of

filter structure, rather than by the type of response, the

functions in (4) and (5) apply as before. For both the

maximally flat and Tchebycheff cases, the number of

reactive elements n required in the low-pass prototype

is fixed by the parameters wl/wo, .4~, w./wo, and A..

In Figs. 6 and 7, equations are given for solving for n

in terms of these parameters. Since the F.(w./wo) in

(4a) and (5) are also functions of n, one must estimate

a value of n to use in these functions, solve for n to get

an improved value, and then repeat the process. How-

ever, since the Fn(w./wO) are only weak functions of n,

the process will converge very quickly. In the case of

(4a) and (4b), the latter equation maybe easily used to

obtain n accurately for narrow-band cases, and this

equation will also give a fairly accurate value of n in

wide-band cases. In wide-band cases, the value of n ob-

tained using (4b) can be inserted in (4a), and the equa-

tion for n can then be used again to obtain a more ac-

curate verification of the n value.

C. A Design Procedure Especially Suited to Filters Real-

ized in the Forms in Fig. 1(a) and (b)

Table I summarizes a design procedure which gives

good impedance levels for filter structures such as those

in Fig. 1 (a) and (b). After an appropriate prototype is

selected, as described above, the parameters go, gl, . . . ,

g., g~+l, and w1’ from the low-pass prototype are used

along with the band-pass-filter lower-band-edge ratio,

wl/wO, to obtain the filter design in a straightforward

manner as outlined.

Fig. 8 shows the results of some trial designs obtained

by using a Tchebycheff prototype having O. 10-db pass

band ripple and n = 6 reactive elements. The curves

show the response, colmputed by a digital computer,

from the circuit element values. For Fig. 8(a), wI/wo

= 0.97.5 was used, which calls for a 5 per cent band-

width. As is seen from the figure, there is no noticeable

deviation from the design objective, and points mapped

from the low-pass prototype response by use of (4a)

and also by (4b) are all in excellent agreement with the

computed response. Fig. 8(b) shows the computed re-

sponse for a design obtained using wl/wO = 0.850, which

calls for a 30 per cent bandwidth. In this case, there is

a very slight deviation from perfect Tchebycheff char-

acter, inasmuch as two of the peaks of the pass band

ripples do not quite reach the 0.1 O-db level. In this

case, points mapped from the prototype response using

(4a) are in practically perfect agreement with the filter

response, while points mapped using (4b) show some

noticeable error at the higher attenuation levels.

./.O
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Fig. 8—(a) Computed response of filter designed as in Table I to
have 5 per cent bandwidth. Design value for a,/c.J, was 0.975.
Prototype had O.10-db Tchebycheff pass band ripple with n = 6 re-
active elements). (b) Computed response of filter designed as in
Table I to have 30 per cent bandwidth. Design value of ol/~O was
0.850. Prototype same as (a). (c) Computed response of filter de-
signed as in Table 1 to have approximately 2 to 1 bandwidth. De-
sign value for coI/aO was 0.650, which calls for OJJW = 2.077. Pro-
totype same as for (a).
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Fig. 8(c) shows the computed response for a design ob-

tained using col/wo = 0.650, which calls for a band-edge

ratio of W2/ul = 2.077. In this case, the deviation from a

perfect response is lmore noticeable, the most important

deviation being that the frequency ratio of the O.10-db

band-edge points is about tiz/ul = 1.96, instead of 2.077.

All of the expected pass band ripples are present, al-

though in this case two of the ripple peaks are reduced

to, half size. Points lmapped from the prototype response

by use of (4a) appear to fall almost exactly where the

response curve would have been if the slight shrinkage

in the pass band width had not occurred. Points mapped

by use of (4b) weave across the colmputed response

somewhat, but follow it surprisingly closely

Table IV (p. 593) gives the odd- and even-mode inl-

pedances II for these filters realized in the form in Fig.

1 (a). Using construction methods to be outlined later, all

three of these designs should be quite practical. Filters

designed by use of Table I and realized in the form in

Fig. 1 (a) or (b), are of special practical interest for ap-

plications where bandwidths of perhaps 50 per cent or

less are desired. Although the forms in Fig. 1(a) and (b)

are alsc, practical for larger bandwidths, filters designed

by Table II and realized in the form in Fig. 1 (d) will

have reasonable element values for large bandwidth de-

signs and become attractive because they require two

less sections to achieve a given response.

A corresponding filter designed by Cohn’s equational

was compared with the 5 per cent bandwidth filter

described herein, in order to compare the two design

methods. The designs were found to be basically simi-

lar, except that Cohn’s equations yielded slightly dif-

ferent end sections and a 7 per cent higher impedance

level in the interior sections of the filter. For filters of

about 10 per cent bandwidth or less, either method

should give good designs, but Cohn’s design method has

an advantage of being computationally even simpler

than that described herein. For bandwidths greater than

about 10 or 15 per cent, the accuracy of Cohn’s equa-

tions begins to deteriorate noticeably and the design

equations described herein are preferable.

D. A Design Procedzwe Especially Suited to Filtws I{eal-

ized in ~he Fo~ms in Figs. 1(c) and (d)

In the design procedure of Table 1, the end sections

Sol and S.,.+l are, in a sense, primarily impedance-

transforming sections. Using that design procedure,

moderate impedance levels are maintained in the in-

terior sections of filters realized in the forms in Figs.

1 (a) or (b), regardless of the bandwidth of the filter,

but this is achieved by not making full use of all of the

natural modes of oscillation of which the circuit is

capable. using the design procedure in Table 1 I, the end

sections SO1 and S.,.+1 are eliminated, and the remaining

network makes full use of all possible natural modes.

Table I I is thus seen to call for n – 1 band-pass filter

sections to realize a response mapped from an n-reac-

tive-element prototype, while the design method in

Table I calls for n+ 1 band-pass filter sections to achieve

the same response. Designs obtained by Table 1 I will

usually yield impractical impedance level[s for filters of

the forms in Fig. 1(a) and (b), but the impedance levels

are moderate for wide-band filters of the forms in Fig.

1 (c) and (d). The form in Fig. 1 (d), which is quite prac-

tical for wide-band designs, becomes less practical for

narrow-band designs since the characteristic admit-

tances of the shunt stubs then become quite large.

Fig. 9 shows the response of a filter designed using

Table II from a O.10-db ripple, n== 8, Tchebycheff proto-

type with til/uO = 0.650. Table V (p. 5!~3) shows the

elelment values for a realization as in Fig. 1 (d), In this

case, the pass band ripples are more uneven than in the

previous examples; however, the bandwidth suffered

less shrinkage than in the previous 2 to 1 bandwidth

design, whose response was shown in Fig, 8(c), In both

the case of Fig. 8(c) and the case of Fig. 91, the filter has

seven sections; however, it should be noted that the

latter response has a steeper cutoff, since i t was designecl

from an n = 8 instead of an n = 6 prototype. It is thus

seen that points mapped from the prototype responsl~ by

use of (4a) are again quite accurate, but those using (4b)

show appreciable error at high attenuation levels.

. ,. . ., .
amxoxlrnateb’ 2 to 1 bandwidth. Desgn value for ~l/aO was
0.650. Prototype had O.10-db Tchebycheff pass band ripple with
~ = 8 reactive elelnents.

If filters in the form of Fig. 1 (c) or 1 (all) are desired,

but with a somewhat different impedance level for their

interior sections, they can be achieved by using a lmodi-

fied form of the calculation procedure in Table III, as

is described in Section III-D.

E. Design of Filtevs in the Form in Fig. 1?

Filters of the form shown in Fig, 2 can be readily de-

signed by a modified use of Table 11. The design is
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carried out to first give a filter in the form in Fig. 1 (d),

with the desired pass band characteristic and band-

width. Then each shunt, quarter-wavelength ,15 short-

circuited stub of characteristic admittance Y~ is re-

placed, as shown in Fig. 2, by a shunt, half-wavelength,

open-circuited stub having an inner quarter-wave-

length portion with a characteristic admittance,

Y,(a tanz 81 – 1)
Yk’ = ——— ——

(a + 1) tan20, ‘
(6)

and an outer quarter-wavelength portion with a char-

acteristic admittance,

Yk” = a VI,’. (7)

The parameter a is fixed by

( )1mom
a = Cotz —

2(JJO (ww/u”)<(u’/u~) ‘
(8)

where 01= 7rul/2wo, and UW is a frequency at which the

shunt lines present short circuits to the main line and

cause infinite attenuation. The principle upon which the

above substitution is made is that (6) to (8) are con-

strained to yield half-wavelength opemcircuited stubs,

which have exactly the same susceptance at the band-

edge frequency col, as did the quarter-wavelength short-

circuited stubs that they replace, while both kinds of

stubs have zero admittance at coo.

To test out this procedure, a filter was designed as in

Table II to give 30 per cent bandwidth (til/tiO = 0.850)

using a O.10-db Tchebycheff prototype with n = 8.

Then, choosing coQ/coO= 0.500, which gives a =1, the

quarter-wavelength stubs were replaced by half-wave-

length stubs as described above, and the resulting com-

puted response is shown in Fig. 10. iNote that the pass

band is almost exactly as prescribed, and that there are

low attenuation regions in the vicinity of w = O and
~ = 2@o, which are to be expected. The element values

for this filter are shown in Table VI (p. 593).

The 2 to 1 bandwidth filter design (Fig. 9 and Table

V) was also converted to this forlm using O~/QO = 0.500,

and its response was computed. The features of the pass

band looked much the same as those in the expanded

plot in Fig. 9, while the stop bands consisted of very

sharp attenuation spikes surrounding u/u. = 0.500, in a

manner similar to that in Fig. 10, except that the at-

tenuation bands were much narrower.

Filters of the form in Fig. 2 should be particularly

useful where the pass bands around co= O and ti = 2~10

are not obj actionable, and where there is a relatively

narrow band of signals to be rejected. By the proper

choice of wW, the infinite attenuation point can be

placed so as to give maximum effectiveness against the

IS The reference wavelength is that at the rnij-band frequency @o

%.

Fig. 10—Computed response of a 30 per cent band-pass filter de-
signed in the form in Fig. 2. Design value for o.u/coo=0.850. Pro-
totype had O.10-db Tchebycheff ripple with n = 8 reactive ele-
ments.

unwanted signals. Filters of the form in Fig. 2 are more

practical for narrower bandwidths than are those in the

form in Fig. 1 (d), because of the larger susceptance

slope of half-wavelength stubs for a given characteristic

admittance. For example, in the case of Fig. 10, the

shunt stubs for this filter as shown in Fig. 2 have char-

acteristic admittances Y~’ = Y~”, which are 0.471 times

the characteristic admittances of the shunt stubs of the

analogous filter in the form in Fig, 1(d), from which

it was designed. Thus narrower bandwidths can be

achieved without having the characteristic admittances

of the shunt stubs become excessive.

F. Design of FilteYs in the Fo~m in Fig. 3

For filters of the form in Fig. 3, the mapping function

in (5) should be used along with the equations in Table

III. In this case ti~ is the frequency of infinite attenua-

tion created by the half-wavelength series stubs at the

ends. The parameter d may be chosen to adjust the

impedances of the interior of the filter to a convenient

level.

This type of filter gives a cross between the type of

response obtained using a filter as in Fig. 1 (d), and that

obtained by a filter as in Fig. 2. At first, a design of

the form in Fig. 1 (d) was tried, but with the end stubs

(only) replaced with shunt half-wavelength open-

circuited stubs. This gave infinite attenuation at Q = O

and wm as expected, but yielded a point of very low

attenuation (around 10 db) between these two fre-

quencies (and between other corresponding frequencies).

It was then found that by using an altered design pro-

cedure which yields series half-wavelength short-

circuited stubs at the ends, the desired type of response

could be obtained without excessive drop in attenuation

between a = O and u~.
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Fig. 11–-Computed response of a filter as in Fig. 3, with approxi-
mately 2 to 1 bandwidth. Design value for al/aO was 0,650. Pro-
totype had 0, 10-db Tchebycheff ripple with n = 8 reactive ele-
ments. Parameters d and co~/~O were both chosen as 0.500.

Fig. 11 shows the computed response of a filter de-

signed using Table III to give approximately 2 to 1

bandwidth. The prototype, again, had O.10-db Tcheby-

cheff r:pple, and n = 8. The remaining design parame-

ters were W1/uO= 0.650, OJa/COO= 0.500, and d= 0.500. In

this case the pass band ripples are not as well developed

as in the previous examples. It has been found that the

design theory used herein works best if all of the sec-

tions are of the same basic form; since the end sections

are different from the other sections in this case, the

larger deviation from a O. 10-db equal-ripple response is

not surprising, (From a practical standpoint, this devia-

tion may be good, since the ripples are small at the

band edges, where incidental dissipation will tend to

increase the pass band 10SS most. ) Points mapped from

the prototype response using (5) are seen to come fairly

close tc~ the computed response, although not as close as

(4a) did where it was applicable. Both (4a) and (5)

were derived on the same basis and should probably

yield similar accuracy. The larger deviations in this

case are probably due at least in part to the fact that

the pass band response itself deviates more from the

design objective. The element values for this filter de-

sign are given in Table VII (p. 593).

G. Suggested. Ways for Fabricating the Filters Under

Consideration

For bandwidths of perhaps around 20 per cent or less,

filters of the form in Fig. 1 (a) are readily realized in

printed-circuit form by use of Cohn’s data for zero-

thickness parallel-coupled strips.116 Larger bandwidths

16S, I]. Cohn, et al., “Strip Transmission Lines and components, ”

Stanford Res. Inst., Menlo Park, Calif., Final Rept., SRI Project
1114, Contract DA-36-039 SC-63232, ch. ~; February, 1957. Also,
S. B. Cohn, ‘(Shielded coupled-strip transmission line, ” IRE ‘rRANS.
ON MICROWAVE THEORY AND TECHNIQUES, VO]. MTT-3, pp. 29–38;
October, 1955.

are difficult using this construction, because the gaps

between the conductors must become extremely small.

A suggested way for getting around this problem while

still using printed circuit construction is shown in Fig.

12. Instead of just two slabs of dielectric, four slabs are

used, two of which are relatively thin. ‘Then alternate

conductors are printed to form a double layer, as shown

in the cross-sectional view, so that the adjacent colI-

ductors can be interleaved. This gives a relatively large

odd-mode capacitance without the need for extremely

close spacings. The cross section of the conductors is

no longer balanced geometrically; however, by proper

design, the even- and odd-mode impedances for both

the single- and double-layer conductors can be made

the same.

Fig. 13 shows a suggested way for realizing filters of

the type in Fig. 1 (b). In this case, the conductors are

rectangular bars supported mechanically by the short

circuits at their ends. This construction can be used for

either narrow- or wide-band filters and has the advan-

tages of not requiring dielectric material (hence havinx

no dielectric loss), and, with rounded corners on the

conductors, of having relatively high power- handbill:

capability.

Fig. 14(a) shows a possible way for building filters of

the type in Fig. 1 (d). This filter uses mostly double

stubs instead of single stubs, so that the cross-sectional

dimensions of the stubs (and the junction discontinui-

ties) can be made smaller. It was designed in thick bar

strip-line construction, in order. to reduce the junction

discontinuity effects and to make these effects less fre-

quency-sensitive. 17 This filter was desigmed for a 2.2 to

1 bandwidth from a O.10-db Tchebycheff ripple ten-

reactive-element prototype. Three additional sect ions

identical with the middle sections of the n = 10 design

were added in order to increase the rate of cutoff. This

gave a resulting design which is not quite the same as a

true n = 13, O.10-db-ripple Tchebycheff d[esign, but the

difference is small. As can be seen from the measured

results in Fig. 14(b), the response is close to the the-

oretical.

It has been observed that any of the types of filters

in Figs. 1, 2, or 3 may have narrow spurious pass

bands, at frequencies in the vicinity of j= 2f0, if there

is deviation from perfect tuning in one part of a filter

with respect to the rest of the filter. Since small devia-

tions from perfect tuning are difficult to avoid, some

measures should be taken to suppress these spurious

pass bands if they are objectionable for the application

IT p, s, Carter, Jr., G. L. L!fatthaei, and W. J. Getsinger, “Dssign

Criteria for Microwave Filters and Coupling Structures, ” Stanford
Res. Inst., Menlo Park, Calif,, Tech. Rept. 8, pt. 3, !5RI Project 2326,
Contract DA 36-039 SC-7462. This reference discusses reasons why
this bar construction is expected to have less junction discontinuity
effect than either thin strip transmission line or coaxial line construc-
tion of equivalent size. It also discusses other practical matters with
respect to the design of this type of filter.
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Fig. 12—Possible means for fabricating wide-baud filters of the
type in Fig. l(a), using printed circuit techniques. (In order to
achieve tight coupling with reasonably large conductor spacings,
alternate conductor strips are made to be double so that con-
ductor strips can be interleaved. This construction is electrically
balanced with respect to the ground planes and will not excite
ground plane modes, as would overlapped strips which did not
ilterlea+e. )
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Fig. 13—Possible means for fabricating wide-band filters of the type
in Fig. l(b), in bar-transmission-line construction. (The short-
circuiting blocks support the bar conductors so that no dielectric
material is required. )

at hand. A possible way of suppressing such responses is

to use a filter of the form in Fig. 3, with a = ~ , so that

the series stubs become open-circuited stubs one-

quarter-wavelength long at jo. Although this has not

been tested as yet, it appears reasonable that series

stubs of this sort can be ussd to maintain high attenua-

tion in the vicinity of 2f0, since they present large series

reactance at frequencies in the vicinity of 2f0, while

the spurious responses in the shunt-stub portion of the

(a)

I I , 1 II 1 1 1 I [ I 1 1 I I 1 I I 1 1 1 I 1 I I I
I I 1 1 ! I 1 I r 1 I

I FREOUENCY-k Mc

I MEASUREDSTOPBAND—,NSERT,ONLOSS
,.ss BAN. .,FLECTION Loss

— cOMPUTED FROM MEASURED VSWR

o 0 ypso;BC:E:; N~;:$ N‘0ss H
‘E’ ““’’’””’~

1,, , ( $ 1

20 25 30 35 ..0 45 5,0 5.5

FREQu EN CY-k M.

(b)

Fig. 14—(a) Filter of the type in Fig. l(d) with cover plate removed.
Rectangular bar strip transmission line construction is used. The
blocks along the sides of the filter short circuit the stubs and sup-
port the center-conductor structure. (b) Measured response of the
filter in Fig. 14(a). The dissipation loss can be reduced by silver
plating since the filter as tested used a brass inner structure with
aluminum cover plates.

filter are due to large shunt susceptances of opposite

signs canceling each other. Quarter-wavelength or

half-wavelength series stubs, such as those in Fig. 3,

can be realized as coaxial structures within the center

conductor of the filter.G

III. THEORETICAL BASIS FOR THE FILTER

13(2uAT10NS AND NIAPPING FUNCTIONS

A. Modified Prototypes as a Basis foy Design

The first step in deriving the design equations used

herein is to convert the low-pass prototype (Fig. 5) to a

modified form that involves impedance inverters or

admittance inverters. The concept of impedance in-

verters has Previously been discussed in detail by
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Cohn ;13 admittance inverters are simply the dual repre-

sentations of impedance inverters, and are introduced

only for convenience. Fig. 15 summarizes the basic m

properties of these two types of inverters.

Using methods similar to those of Cohn,’g any circuit
K; ~+1

z,= ~

j:~:o

- K,,,+, Zb

like that in Fig. 5 may be converted into either of the
Zb

dual forms in Fig. 16. In Fig. 16(a), which uses imped-

ance inverters, all of the elements Ro, L.l, L.z, . . ,

La., R], may be chosen arbitrarily; the inverter param -
IMPEDANCE

IN VERTER

eters K~,~+l are then computed as indicated.

Analogous conditions hold for the dual circuit at (b)

in Fig. 16. In the discussion to follow, the impedance

(or admittance) inverters will be assumed to be ideal-

ized so that their electrical behavior is exactly as indi- Fq

cated in Fig. 15. They will be used merely as an aid to

~ ‘J;l >

—

mathelnatical reasoning, and no direct attempt will be Jfk+l
Y., J

made to find a circuit which approximates their ideal-
Yb k,k+ I

[

Yb

ized performance. Instead, as indicated below, the —

approximations will be based upon the impedance in-

verters plus part of each adj scent element. ADMITTANCE
IN VERTER

B. P~oceduve foY De%ing the Equations in Table I
Fig. 15—Definition of impedance inverters and admittance inverters.

The design equations in Table I are based on the

modified prototype shown at (a) in Fig. 16, while Fig.

17 shows the manner in which the element values are

specified, and the manner in which the prototype is

broken into sections. The image impedance, Zi,,,+l(u’),

=-----:q].

and phase, flh,k+l (in the pass band) for each of the

prototype interior sections (S12’ to S._l,,,’) are readily

shown to be ‘01’~ ~ ‘kk+l ‘~+ ~ ‘n”+’d~

/V(Z;,k+l(a’)= Kk,k+l )U’(LJ2) 2
1 – ———-–

Kk,k+l
(9)

and

Dk,kd.1 =
m’s (rf~,~+~)/(La/2) E= ‘in-l[%%:l+’10)- “ ‘0’

where, as before, til’ is the cutoff frequency for the loviT-

J.,.+,

pass prototype. The choice of ~ 7r/2 in (10) depends on ,0,=JC-77~ J
kk+~ ‘ e ‘nn+’>~

whether the inverter is taken to have f 90 degrees
,Ogl

,1+. n-l

“1‘L

phase shift. The work of Jones and 13011jhan shows]] ,, .

that the image impedance and pass band image phase
(1))

for a parallel-coupled section as shown in Fig. 4(a) are
Fig. 16—Lo~7-pass prototypes modified to include impedance in-

verters or admittance inverters. (The go,. gl, .. . . , gfi, @+t are ob-

given by taiued from the original prototype as In Fig. 5, whale the Ra,
I/o,, . . . , La.,, and RL or the Gt, C.,, . 0 . , Co,,, and GL may be

~, _ d(zoe – 200)2 + (Zoe + 200)2 cm’ o chosen as desired. ) (a) modified prototype using impedance in-

(11) verters. (b) Modified prototype using admittance iuverters,

2 sin @
,,

and

‘= Cos”’[($%)cos’l’12)mjEEIl!llRL
where (I= 7ra/2u0, and where 2,. and Z~o are the even-

-—— ~
% s;, s;, S;, n,,

and odd-mode line impedances, respectively. The
z;. ( , “1

Lo, ~ = Lo = R/w’l = RL/’J;

IL ,“

IS Cohn, et az., op. cit., footnote 1 (SRI Rept. ), ch. z. AIso, S. B.

Cohn, “Direct-coupIed-resonator filters, ” PROC. IRE, vol. 45, pp. Fig. 17—Modified prototype for deriving the design

187-196; February, 1957. equations in Table 1.
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parameters of the parallel-coupled sections Slz to Sri-l,.

in Fig. 1 (a) are related to the prototype sections S12’

to Sn_l,. of the prototype by forcing the following cor-

respondences between the two structures:

(a)

(b)

(c)

The image phase of the parallel-coupled sec-

tions when u = COOmust be the same as the

image phase of the prototype sections when

~~=o.

The image impedances of the parallel-

coupled sections when a =COO lmust be the

same (within a scale factor s) 19 as the image

impedances of the corresponding prototype

sections when w’ = O.

The image impedance of the parallel-

coupled sections when u = wlmust bethesame

(within a scale factor s) ‘g as the image im-

pedances of the corresponding prototype

sections when w’ =w’. (13)

Correspondence (a) is fulfilled in this case by choos-

ing the + sign in (10). Equating (9) and (11) and evalu-

ating each side at the appropriate frequencies indicated

above, two equations are obtained from which the

equations in part (b) of Table I may be derived (with

the help of the information in Figs. 16 and 17) by

solving for Za, and Zoo.

The end sections, Sol and S~,~+l, must be treated as

a special case. Defining Zin(jti) as the impedance seen

looking in the right end of the parallel-coupled sec-

tion SO1 in Fig. 1(a), with the left end connected to the

input line of impedance ZO, the following correspond-

ences are forced with respect to Zi.’ (ju) indicated in

Fig. 17:

(a) Re Zi.(jtiO) = Re Zin(j~l) for the parallel-

coupled terminating circuit, just as

Re Zi.’(jO) = Re Zi.’( –uI’) for the terminat-

ing circuit of the prototype.

(b) Im Zin(@l)/Re Zi.(j~l) must equal X’/R’

= Im Zi.’( –@l’)/Re Zi.’( –jcoI’) computed

from the prototype. ~ (14) ~

is satisfied, where O= ral/2u0. Further, correspondence

(b) requires that

Q’+Q(l– P’)+:: P’=O (18)

be satisfied. Substituting (17) in (18), and solving for

(Z~~) o, and (Z~~) M yields the results in part (a) of Table

I. Even if R,= ZO, the above conditions will generally

result in an impedance level for Zim(j~) of the band-

pass filter, which is different than that of Zin’(j~’) for

the prototype. The impedances of the interior sections

must therefore be corrected by multiplying by the

scale factor s indicated in Table I.

C. P~ocedure for DeYiving the Equations in Table II

Fig. 18 shows the manner in which the lmodified pro-

totype at (a) in Fig. 16 is broken into sections and the

elements specified for deriving the equations in Table II.

NTote that in this case the end impedance inverters,

Ko1 and Kfi,m+l, are both made equal to the terminating

resistances Rq = RL. For the end inductances, Lal = Lan

= RQgOgl; however, La.2 = Las = . . . = La,v–1 are made

equal to 2Lal so that the structure can be broken into

symmetrical sections without the need for end sec-

tions. Using the indicated values for the Lak, the Kk ,~+1

are obtained by use of Fig. 16. Then all of the sections

are designed by use of (9)–(12) and the correspond-

ences given in (13).

aLmm=x.——
s;2 s;, i“,, ”

‘., ‘ ‘.,,+, ‘R,’RL ,Lo, ‘L.. ‘ ‘, 9.9,>Lo = 2L,)

Fig. 18—Modified prototype for deriving the equations in Table II.

Defining Dmw:w.l!ll

~ = (2..)01 – (z-..) 01
—1 (15)

R,2 sin 0,

and

(20,)01 + (zoo) 01,
Q= (16)

R,2 tan 01

it can be shown that correspondence (a) in (14) will be

obtained if

Q = cot 0, (17)

19 Taking Rq = RL =Zo.

Fig. 19—Modified prototype for deriving the equations in Table III.
Parameter d may be used to adjust the impedance level in the
center part of the filter. In the example of Fig, 11, d was chosen as
one-half, to split CZ= G’+ G“ in half.

D. Procedure for Deriving the Equations in Table III

Fig. 19 shows the modified prototype used for deriv-

ing the equations in Table III. In this case, most of the

structure is in the form shown in Fig. 16(b). However,

inverters Jo1, Ju, J~–1 ,,,, an d .Tn ,n+l have been omitted.

Here, L, and C2 have the same values that they had in
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their original prototype form in Fig. 5. Capacitor Cz is

split into two parts, Cz’ and CZ”, and the parameter d

is used to establish what fraction of G becomes C2”.

Then the capacitance values C,,S= C,,4= . ~ = C,,,,,–2

are established, so that all of the interior sections can be

broken into symmetrical sections. The interior sections

are then related to parallel-coupled sections, as in Fig.

4(b) by dual procedures to those used for the interior

sections for Tables I and II. The parallel-coupled sec-

tions are then converted to stub form by the equivalence

in Fig. 4(b). The end sections are designed by forcing

the stubs to have reactance at w = COOand w = ccl (on a

normalized basis) which are the same as those of the

corresponding prototype elements L1 and Cj’, at o’ = O

and a’ = —al’, respectively.

This same general viewpoint should be useful for de-

signing filters in the form in Fig. 1 (c) and (d) to give

some desired impedance level in the interior part of the

filter. To accomplish this, the prototype in Fig. 18

should be converted to its dual form analogous to that

shown in Fig. 16(a). Then, the capacitor Cl is split, just

as Cz is split in Fig. 19. The resulting design equations

are

Jl, Jn–l,. gov’glc=
C. = 2dgl, ~ = -–IT = =: >

dglg,

Jk,k+l g“ca—

VO k=, ton-,– ~gkgk-1 ‘

( Jk,k+l

I’:,k+l 1/,=1to n–l = Yo Mk,k+l – — )J,. –, ‘

VI = F. = go I’Ool’(l — d)gl tan f)l + Y~z,

Y, 1,=2 ,“ .-1 = Y.-,:4.1 = Y;-,,,t + 1’;,,”+1,

Yk,i+.l ~k=l to ,,_l = Y,t–r; ,n–k+.l = Jk,k+.l.

Although this technique has been used successfully for

achieving small adjustments in impedance level within

a filter, the filter-response accuracy resulting when this

technique is used to achieve large changes in im-

pedance level has not been tested.

E. Selection of Mapping Functions

Previous work of Cohn,l and also the plots presented

herein, show that when the function in (4b) is used as

indicated in Fig. 6 or 7 to map the response of a low-

pass prototype, it will predict quite accurately the re-

sponse of band-pass filters of the form in Fig. 1(a) hav-

ing narrow or moderate bandwidth. Although the func-

tion in (4b) is very useful, it should not be expected to

give high accuracy for wide-band cases because it is not

periodic (which the filter response is), nor does it go to
in finit\T for ~ = O, ZWO, 4.w0, etc., which is necessary ill

order to predict the infinite attenuation frequencies in

the response of the band-pass filter structure. It might

at first seem that

‘n(:)=-‘0’(2 (19)

would solve this problem uicelyj since it is periodic

as desired, it varies similarly to (4b) in the vicinity

of uO, and it has poles at the desired frequencies

o = O, 2tin, 4u0, etc. However, if the structures in Fig. 1

are analyzed, it will be seen that 11o matter what value

of z is used, the poles of attenuation at {u = O, 2w0, 4C00,

etc., a~c always ji~st-ovder poles. ‘“ Meanwhile, an 7z-reac-

tive-element prototype as in Fig. 5 (which will have an

nth-order pole at w’ = m ) will lnap so as to give nth

order poles at w = O, 2u0, etc., if the function in (19) is

used. This important source of error is corrected i] [ the

case of (4a) by replacing cot (mti/2uO) by cos (rti/?uo)/

sin (Tti/2coo) I , and then taking the wth root of the

denominator. In this manner, the poles generated by

the zeros of I sin (nw,/2uO) I become of 1 in order, which

causes the nth-order pole at co’ = ~ for the prototype

response to map into first-order poles of thle band-pass

filter response at the desired frequencies.

In the case of the circuit in Fig. 3, the poles of attenu-

ation at w = O, 2u,,, 40,,, etc., will again always be of first

order regardless of the value of n used. Howeverj the

series stubs at each end produce second-order poles at

the frequency ti~ and at other corresponding points in

the periodic response. 21 Thus, the

factor in the denominator of (5) assures, that the tzth-

order poles at O’= ~ in the prototype response will

always map to first-order poles at u = O, 2ti0, etc., for

the baud-pass filter response. In addition, the factor

n m- (w—co.) 2jp”[( -)1 [ ( “)1
7r(@-2@o+kl.) 2

/ sin — — sin ————
2 @o 2 tin

is introdllced to cause the nth-order pole at infinity in

the prototype response to map to second-order poles at

Wm (and other periodic points) for the band-pass filter

20 For example, for the filter form in Fig. 1(d), as u–+0 the effect of

all of the shunt stubs can be reduced to that of a single shunt zero-
impedance branch which would produce a first-order pole of attenua-
tion o = O. (One way in which higher-order poles can be generated is
to produce shunt zero-impedance branches alternating with series
branches having infinite impedance. )

21This call be seen as follows: For a = u., each of the series stLlbs

represents an infinite-impedance series branch. For this single fre-
quency, the interior part of the filter can be replaced by an equivalent
T-section \vith a finite shunt impedance. Thus, the structure can be
reduced (for the frequency co- ) to two series in finite-i mpe,iance
branches separated by a finite shunt-impedance branch. This lean be
seen to result in a second-order pole of attenuation. (If the impeflance
of the equivalent shunt branch had been zero, the pole of attenuation
WOII Id have been raised to third order. )
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response. In this manner, all of the proper poles of

attenuation are introduced with their proper order.

These principles can also be applied to the structure

in Fig. 2, but this structure presents some new diffi-

culties. It can be seen that this structure will develop

nth-order poles of att-enuation at O@ and corresponding

periodic points, but the half-wavelength stubs also

introduce additional natural modes of oscillation which

create, in addition to the desired pass band, a low-pass

pass band (and corresponding periodic pass bands) as

shown in the response in Fig. 10. This additional low-

pass pass band approaches am quite closely, with the

result that, although the pole at co. is of relatively high

order, its effectiveness is weakened by the close proxim-

ity of this low-pass pass band. The function

‘7(:)=““H (20)

for the case of u~/w~ = 0.50 would map the prototype

response to give a low-pass pass band, an nth-order

pole at uW, and the desired pass band centered at COO.

However, it would not properly predict how close the

low-pass pass band comes to u., nor could it account

for the oversize attenuation ripples which occur in this

band (Fig. 10). As a result, the function in (20) predicts

an overly optimistic rate of cutoff at the edges of the

pass band centered at 00. It is probable that a useful

approximation could be obtained by using a mapping

function, such as that in (20), with additional factors

TABLE I

DESIGN EQUATIONS ESPECIALLY SUITED FOR FILTERS
OF THE FORM IN FIG. 1(a) AND (b)

Use mapping (4a) or (4b) and Fig. 6 or 7 to select prototype having
required value of n. Equations below are for filters in the form of
Fig. 1 (a). There are n + 1 parallel-coupled sections for an n-reactive-
element prototype when using the design procedure below.

(a) Sections .s~~ and .Sfi,~.~

Q = cot e,, P=

i

Q(Q2 + 1) –

Q + ––~—
2(K0,/ZO)2

“z%%)’
(Z.JO1 = (20$) .,,,+1= Zo(l + P sin 01)

(ZOO)Ol= (Za.).,.+l = ZO(l – P sin h)

(b) Sections S~z to S,,_J,~

((Zoa)k,k+l = (zo,)n_k,n_k+l = S N,,,+, + ‘::
)

(

Kk,k+l
(Zo.)k,k+, = (Zoo) n-k,n-k+l = s N,,,+, – ‘~

)

where @land s are defined as in (a) abo~-e and k.= 1, 2, . . . , n — 1.

added which create zeros in F.(u/wo), close to, but

somewhat off, the jw axis (regarded from the complex-

frequency point of view). Proper location of these zeros

could then be used to extend the low-pass pass band up-

wards toward co., which should give the proper effect.

TABLE II

DESIGN EQUATIONS FOR FILTERS ESPECIALLY SCTITED FOR
REALIZATION IN THE FORM IN FIG. 1 (c) AND (d)

Use mapping (.ki) or (4b) and Figs. 6 or 7 to select prototype. Equa-
tions below are for filters in the form of Fig. 1 (a), but they are readily
cont,ertecl to the form in Fig. 1 (c) or (d) by use of Fig. 4. Using these
equations, sections .SO,and .Sn,m+l are omitted, and there will be n — 1
parallel-coupled sections for an ~~-reactive-element prototype.

Sections .SU to S._l,.

A“12 A’..I,. __ v’ %MI

z,= 20 –%’~’

((Zoo) k,k+.1 = (.G)AA+I = Zo N,,k+, – ‘::
)

wherek = 1,2, . . .,n—l.

TABLE III

DESIGN EQUATIONS FOR FILTERS OF THE FORM IN FIG. 3

LTse mapping (5) and Fig. 6 or ? to select prototype.

e1=~~3 O.==yj

where am is a frequency of infinite attenuation as indicated in Fig. 11.
Referring to Fig. 3:

[a(tan 0,)2 – I]ti,’g,g,
~ = Cc)tl e-, ZI = Zn = —–———————— ,

Yo(a + 1) tan t+,

ZI’ = Z,,’ = aZl, C. = 2d@,

wh~re ds 1 is a coustant (typically one-half or somewhat larger),
which may be chosen to give a desired impedance level in the interior
of the filter.

Then for the shunt stubs:

Yoco,’(l – d)g,
YZ = Y._~ = —————— tan 01 + Y::,

go

Vk lk-3to .–9 = ~n-k+l = ]“;-1,7, + I’;,k+l.

And for the connecting lines:
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TABLE IV TABLE VI

S~MM~RY OF ET-EN-NIODE .4ND ODD-MODE IMr~DANc~ VALUES FOR EL~MFX~ VALUES FOR THE FILTER OF FIG, 10
I HE “FILTERS OF FIG. 8 (a)–(c) DESIGN~~ BY USE OF “~ABLE I R~ALIZED M SHOWN IN FIG. 2

AND REALIZED IN THE FORM IN FIG. 1(a) —
—

[20,)01= (206)67
(Zu,),z= (z”,),,
(2.. )93= (Z..)4E
(2.,)34
(z..) 01=(z..) 67
(2..),, = (200)56

(2..)2, = (2..)45

(z”.),,

Fig. 8(a)
(5~i3ayd-

1,~51

0.996
0.981
0.980
0.749
0.881
0.895
0.896

Ml ~mlues normalized w that Z,j = 1

I’ig. 8(b)
(30~dB~nd-

1.540
1.023
0.937
0.927
0.460
0.491
0.536
0.542
—

TABLE L’

Filter designed from a O. 10-db ripple, n =8, Tchebycheff proto-
Fig. 8(c) type using ol/coO = 0.850 aud o~/ao = 0.500. This, then, calls for a = 1

(2 tg,oltB3nd- so that Fk’ = I“/,” throughout,

Y,’= I”R’=l .806 K’= Y,’ =3 .584
1.716
1.142
0.954
0.933
0.284
0.208

0 250
0.255

Y;, = Y;, =l .288 1<, = ~;,= 1.292
Y,’= Y7’=3 .585 Y,’= P,’=3 ,614
1’,, = YF,7= 1.364 ~~~=1 .277

———.——

.-M values ]lorrnalized so that YO= 1.

TABLE II [

EI.BM~NI’ VALUES FOR THE FILTER OI? FIG, 11
RRALIZED AS SHOWN IN FIG. 3

EL~MBNT VALUES FOR THE FILIXR OF FI(;. 9
Filter designed using Table 111 from a O.10-db ripple, n =8, Tche-

RiULIZED AS SHOWN IN FIG. 1 (d)
bycheff prototype using o /co,= 0.650 and urn/co,= 0.500.

.— — Z, ‘z, =0.606 Y,= Y,=l.235

Filter designed using Table 11 from a O.10-db ripple, n =8, 2,’=28’ =0.606 Y,4=I’,6=0.779

Tchebycheff prototype using o,/coO = 0.650. l-, =Y7 =1.779 Y4 =1’, =1.258
F,, = I’”,7= 0.823 Y,, =O.770

IJ, =1’, =1.042
1’,2= Y7, = 1.288
Y, =Y, =2.050
Y,, = Y,, = 1.364

Y, =Y6 =2.049 .——

l“~i = Y,6 = 1.292
Y, =Y-5 =2.087
I’,, =1.277

All values normalized so Y,= 1.

RaclioJ?recpency System of the Cambridge

Ele~ctron Accelerator*

KENNETH W. ROBINSON~, MEMBER, IRE

Summary—The requirements for the RF system of the Cam- the magnetic guide field. At 6 bev, the radiation loss is
bridge IJlectron Accelerator are investigated and the choice of the

major parameters of the system is dkcussed. The slrongly coupled
wavegiide cavity system is analyzed and the performance of the

system with various types of imperfections is calculated.

INTRODUCTION

T

“HE Cambridge Electron Accelerator is a project

LO design and construct a 6-billion-volt electron

synchrotrons at Harvard University to be used

for high energy physics research. 1

The Cambridge accelerator has two important dif-

ferences from most synchrotrons which require the de-

sign of the RF system to be very different from that of

other circular accelerators. The electrons radiate electro-

magnetic energy due to the curvature of their orbits in

* Recei\wd by the PGMTT, April 14, 1960; revised manuscript
received July 13, 1960.

t Cambridge Electron Accelerator, Harvard University, Cam-
bridge, Mass.

~ Ptoc. Inteynatl. Conf. on HiEh-Encr~v Accelerators and Instru-
mentation, CERN, Geneva, Swiz., pp. 335–338; 1959.

4.5 mev per turn. This radiation loss occurs as discrete

quanta which are typically 15-kv X rays at 6 bev, The

emission of these discrete quanta produces :synchrcmous

oscillations of the individual electrons in energy and

phase position about the equilibrium values, and re-

quires the RF voltage to be substantially larger than

the radiation loss, in order to prevent the palrtiCle5 being

lost from the phase stable region, z The other charac-

teristic is the initial injection of electrons at an energy

of 20 mev or higher which eliminates the need to nlodu-

late the frequency, and makes it possible to use high

Q cavities for the system.

The problem of the RF system is, then, to design a

system capable of developing the large accelerating volt-

age required to make up the peak radiatic,n loss of 4.5

mev per turn and contain the quantum induced phase

oscillations. During the acceleration cycle the radiation

2 M. Sands, “Synchroton oscillations induced by radiation fluctu-
ations, ” Phys. Rev,, vol. 97, pp. 470--473; 1955.


